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We show how a superconducting region (S) sandwiched between two normal leads (N), in the
presence of barriers, can act as a lens for propagating electron and hole waves by virtue of the so-
called crossed Andreev reflection (CAR). The CAR process which is equivalent to the Cooper pair
splitting into the two N electrodes provides a unique possibility of constructing entangled electrons in
solid state systems. When electrons are locally injected from an N lead, due to the CAR and normal
reflection of quasiparticles by the insulating barriers at the interfaces, sequences of electron and hole
focuses are established inside another N electrode. This behavior originates from the change of
momentum during electron-hole conversion beside the successive normal reflections of electrons and
holes due to the barriers. The focusing phenomena studied here is fundamentally different from the
electron focusing in other systems like graphene pn junctions. In particular due to the electron-hole
symmetry of superconducting state, the focusing of electrons and holes are robust against thermal
excitations. Furthermore the effect of superconducting layer width, the injection point position, and
barriers strength is investigated on the focusing behavior of the junction. Very intriguingly, it is
shown that by varying the barriers strength, one can separately control the density of electrons or
holes at the focuses.
PACS numbers: 74.45.+c, 73.63.-b, 74.25.F-
I. INTRODUCTION
One of the fundamental aspects of quantum mechan-
ics is non-locality which manifests as non-classical cor-
relations between spatially separated particles which is
usually called as quantum entanglement1. During the
last decades a tremendous amount of efforts has concen-
trated to exploit the entanglement as the main resource
for quantum information processing and its technological
applications2. In solid state systems among variety of
proposed methods to create entanglement between elec-
trons, one of the most accessible sources of entangled elec-
trons is Cooper pair (CP) splitting3,4. In conventional
superconductors CPs are composed of two electrons in
a spin singlet state which can be used to produce two
entangled electrons. The process of spatially separating
two electrons of a CP without losing their correlations
is commonly called as crossed Andreev reflection (CAR)
which takes place in the system of a superconductor (S)
coupled to two normal leads (N)5–10. In this process an
incoming electron from one N lead is able to enter to the
S region via attracting another electron from the other
N lead which leaves a hole inside it.
Unlike Andreev reflection (AR) which takes place
locally at any NS interface, CAR has been proved
to be hardly detectable in experiments, due to the
cancellation of its contribution with that of the
elastic co-tunneling (EC) in the cross conductance
measurements11–14. Among proposed setups to detect
CAR, one method which has been experimentally veri-
fied, uses two quantum dots between each N lead and the
superconductor.15–19. In other proposals, the replace-
ment of normal leads with strong ferromagnets (F) or
even spin half metal has been suggested20–22. Alterna-
FIG. 1. (Color online) A schematic view of the superconduct-
ing lens is shown beside the classical trajectories of electrons
(solid blue lines) and holes (dashed red lines) originating from
a point source inside N1. The focusing effect is caused by the
crossed Andreev reflection (nonlocal electron-hole conversion)
in combination with normal reflections which take place at the
interfaces. It must be noticed that for clarity only the tra-
jectories with certain angle are shown. However according to
the conservation rules and simple geometric relations, the po-
sitions of focal points where the trajectories cross the x axis
do not change by varying the angle.
tively, some other works have focused on the diffusive
regime of transport in NSN structures23–25. Other groups
have revealed that the Coulomb interactions, in partic-
ular in the quantum dot systems, can lead to the non-
local Andreev processes26,27. Moreover, very recently it
has been suggested to use devices based on graphene or
topological insulators and generally the two dimensional
materials in which the low energy excitations behave as
Dirac fermions28–34.
In this paper we investigate the focusing effect for
both electrons and holes injected locally from an electron
source and passing through a planar normal-insulator-
superconductor-insulator-normal (NISIN) junction.
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2Transport properties of such ballistic systems and
particularly the effect of barriers on CAR and EC
signals have been already investigated8–10. Here we
will show any planar ballistic NISIN junction under
certain circumstances can lead to the focusing of both
electrons and holes. The underlying mechanism for the
focusing property here is the combination of CAR or
equivalently non-local electron-hole conversion (EHC)
induced by superconducting correlations with large
momentum transfer due to the potential barriers at the
interfaces. The main characteristic of NISIN junctions is
depicted schematically in Fig 1 where some semiclassical
trajectories of electrons and holes originating from a
point source are shown. It clearly shows that electrons
and holes trajectories are completely separated since the
momentum and velocity directions for electron and hole
excitations are parallel and antiparallel, respectively.
When electronic waves injected from a point source
inside N1 arrive at an NS interface, they are partially
reflected and transmitted as both electrons and holes
where the last scattering process occurs due to EHC.
In other words there exist four different scattering
processes in NISIN junctions including normal and
Andreev reflections which take place locally, as well as
EC and CAR which correspond to the transmission
as an electron and a hole, respectively. In particular
for the transmitted waves each EHC process results in
the negative refraction of electronic wave function and
then successive scattering processes can give rise to the
sequence of electron and hole focal points inside N2 (see
Fig. 1).
It must be mentioned that prior to the present work,
Go´mez et al. have shown that an NSN junction based
on graphene can act as a lens for electron and hole
excitations35. However in their investigation the lensing
property is mostly accompanied by the chiral relativis-
tic characteristics of the charge carriers and the so-called
Klein tunneling which occurs at the pn type interfaces
in graphene. In fact even without the superconducting
correlations, the Dirac systems like graphene has been
proven to show negative refraction at the pn interfaces
and they can behave as Veselago-like lenses36,37. On the
other hand, here we show that in NISIN junctions, the
combination of EHC with the effect of barriers can lead
to the electron and hole focusing. This phenomenon does
not require a special Dirac band structure of graphene or
topological insulators and it can be in principle observed
in the conventional superconducting devices as well as
those based on the Dirac materials.
The paper is organized as follows. After the introduc-
tion, in Sec. II, the model consisting of superconductor
between normal metals and at the presence of barriers
is introduced. The formulation which is based on the
Gorkov’s equations and Green’s functions are presented
afterwards. In Sec. III we show the numerical results for
local particle and current densities. These results reveal
the electron and hole focusing phenomena in the NISIN
structure. Our findings are followed by the discussion
over the basic underlying mechanisms, effect of various
parameters and irregularities on the results, and possible
experimental realizations. Finally, Sec. IV is devoted to
the conclusions.
II. THEORETICAL MODEL AND FORMALISM
In order to have a quantitative description of the antic-
ipated focusing effects in NISIN junctions, we exploit the
Green’s function formalism. In superconducting struc-
tures and for the time-independent situations, the full
Green’s function Gˆ(r, t|r′, t′) = ∫ dωGˆω(r|r′) exp[−iω(t−
t′)] is defined with the following matrix form in the
Nambu space and the energy representation,
Gˆω(r|r′) =
(
g(r|r′;ω) f(r|r′;ω)
f†(r|r′;ω) −g(r′|r;ω)
)
, (1)
in which
g(r|r′;ω) =
∫
dτeiωτ 〈ψˆ†s(r, τ)ψˆs(r′, 0)〉, (2)
f(r|r′;ω) = −
∫
dτeiωτ 〈ψˆ↑(r, τ)ψˆ↓(r′, 0)〉, (3)
are the so-called normal and anomalous parts of the
Green’s function. Here field operators ψˆ†s(r, τ) and
ψˆs(r, τ) represent the creation and annihilation of exci-
tations with spin s at point r and time τ . The statistical
averaging is denoted by 〈· · · 〉. In ballistic regime, the full
Green’s function can be obtained from the matrix form
of Gorkov equations38,
[ω −H(r)τˆz + ∆(r)τˆx − Vˆext]Gˆω(r|r′) = δ(r− r′), (4)
with Pauli matrices τˆz and τˆx operating over the Nambu
(electron-hole) space. The single particle Hamiltonian
H(r) describes a typical metal with quadratic dispersion
relation as,
H(r) = − ~
2
2m
∇2 + U(r)− µ, (5)
in which µ indicates the Fermi energy. For the supercon-
ducting gap we use the sharp interface model in which
the gap has a constant finite value ∆(r) = ∆0 inside the
superconductor (0 < x < W ) and vanishes outside it. In
fact the more precise spatial form of the pair potential
should be obtained using the self-consistency relation of
the gap ∆(r) = −λ ∫ dωf(r|r;ω). However due to the
presence of barriers at the interfaces, the superconduct-
ing gap inside S is only weakly affected by the adjacent N
regions and therefore using self-consistency equation to
obtain the spatial variations of ∆(r) is not crucial. The
potential function U(r) = [U1δ(x − 0) + U2δ(x −W )]W
accounts for the two barriers at the interfaces induced by
atomically thin insulating layers. In the absence of ex-
ternal potential which represents the electron injection,
the Gorkov equation can be solved to obtain the unper-
turbed Green’s function Gˆ0(r|r′). Then in the presence
3of external perturbation Vˆext(V0/2)(1ˆ+ τˆz)δ(r− r0), the
full Green’s function Gˆ(r|r′) can be obtained using the
Dyson equation,
Gˆ(r|r′) = Gˆ0(r|r′) +
∫
dx Gˆ0(r|x)Vˆext(x)Gˆ(x|r′). (6)
From the Green’s function one can calculate all of the
local properties of the system, including local densities
and currents in the framework of linear response the-
ory. In particular, the electron and hole local density of
states (LDOS) can be extracted from the diagonal com-
ponents of matrix Gˆω(r|r), namely using the relations
ne(r;ω) = ImGeeω (r|r) and nh(r;ω) = ImGhhω (r|r). Then
assuming weak electron injection from the source at r0
and expanding over V0, the lowest order corrections of
the electrons and holes LDOS read,
δ ne(r;ω) ∝ Im[g0(r|r0;ω)g0(r0|r;ω)], (7)
δ nh(r;ω) ∝ Im[f†0 (r|r0;ω)f0(r0|r;ω)], (8)
where g0 and f0 indicate the normal and anomalous
parts of the unperturbed Green’s function. On the same
ground one can immediately see that the magnitudes of
local current densities, up to linear order in the injected
current at the source point, are given by,
Je(r;ω) ∝ |g0(r|r0;ω)g0(r0|r;ω)|, (9)
Jh(r;ω) ∝ |f†0 (r|r0;ω)f0(r0|r;ω)|. (10)
III. NUMERICAL RESULTS AND DISCUSSION
In the following we will present the numerical results
obtained by discretized Green’s function calculation for
LDOS and current densities. Using the translational
symmetry along vertical y direction, the unperturbed
Green’s function can be written in the Fourier trans-
formed form,
Gˆ0(r|r′) =
∫
dq
2pi
e−iq(y−y
′)Gˆ0(x|x′; q). (11)
Hence, Eq. (4) reduces to a one dimensional form for
Gˆ0(x|x′; q) which can be solved in general by discretiza-
tion methods. The only important point is to set the in-
crement δx small enough in comparison with the Fermi
wavelength λF which is the smallest length scale of the
problem. Finally by numerical implementation of the two
integrations in Eqs. (11) and (6) the perturbed Green’s
function at the presence of the electron source can be
obtained.
In order to have observable CAR signal, the supercon-
ductor must have width W comparable with the super-
conducting coherence length ξ = ~vF /∆0 in which vF is
the Fermi velocity10. In fact the nonlocal EHC is effi-
cient only when W ∼ ξ which increases the probability
of CAR. For thinner or very wide superconducting layers
the CAR is weakened in favor of EC and local AR, respec-
tively. In typical superconductors with ∆0 <∼ 1meV, the
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FIG. 2. (Color online) Spatial variations of (a) electron (b)
hole scaled excess densities defined by δ˜n = δn/(V0n
2
0). The
electron injector is located at x0 = −2.7W inside the first N
lead, measured from the first interface. The density profiles
are plotted inside the second normal contact N2. The su-
perconducting layer has a width W = 0.5ξ and the potential
barriers at the interfaces are U1 = U2 = 2µ and other param-
eters are ∆0/µ = .01, /∆0 = 0.8. For both electrons and
holes sequences focal points along the x-axis can be observed.
The electron density shows an extra decaying push which in-
dicates the EC contributions. The oscillations in the densities
are due to the quantum interference of electronic waves upon
scattering from the interfaces and the superconducting layer.
superconducting correlations extend over ξ ∼ 0.1− 1µm,
which gives the typical size of the proposed superconduct-
ing lenses. In addition, the presence of potential barriers
at the interfaces x = 0,W leads to the further suppres-
sion of the local AR and EC through the junction and
subsequently increases the efficiency of electron or hole
waves focusing mediated by the combination of CAR and
normal reflections from the barriers.
In the following the electron and hole focusing property
of a superconducting NISIN heterostructure is examined
by studying the spatial variations of the induced local
density and local currents inside the second N region.
We further investigate the influence of width of super-
conducting region, the distance of the electron injection
from the interfaces, and the strength of the barriers at
the interfaces on the focusing properties of the supercon-
ducting lens. Finally we comment on the experimental
feasibility of the theoretical model and discuss over the
obtained results and their limitations.
A. Electron and hole focusing
In order to see the focusing signature of the super-
conducting layer, the spatial variations of the LDOS for
the electrons and holes are shown in Fig. 2. We de-
fine the dimensionless excess density of states denoted by
δ˜n(r) = δn(r)/(V0n
2
0) in which n0 = m/(pi~2) is the con-
4stant density of states of the two dimensional electron gas
(2DEG). The width of S layer is assumed to be W = 0.5ξ
and the source is placed at x0 = −2.7W . Now the se-
quences of the focal points where electrons and holes are
focused, can be clearly seen in Fig. 2. These focal points
are accompanied by oscillations around them which orig-
inate from the quantum interference of refracted elec-
tronic waves. In the case of electron density due to the
EC, there is an extra overall push function which shows
oscillatory decreasing dependence with the distance from
the second interface. On the other hand, the focuses fol-
lowed by oscillations around them can be seen in the hole
density. As we will discuss in the following, the focuses
of either electrons or holes originate from the combina-
tion of EHC at the N/S interfaces and normal reflection
of bogoliubov quasiparticles inside the superconductor.
It must be emphasized that the second process is only
possible when the barriers are present. Moreover with-
out any barrier at the interfaces the CAR itself will be
suppressed in favor of the AR and EC processes.
It is instructive to describe the appearance of electron
and hole focuses based on a semiclassical argument. As
illustrated in Fig. 1, the trajectories of propagating elec-
tronic waves, originated from the injection point x0 in-
side N1, are refracted at the N/S interfaces when an EHC
takes place. It is well-known that the velocity of a hole as
an excitations below the Fermi level have opposite direc-
tion with respect to its momentum. However the velocity
and momentum of the electrons have the same direction.
Therefore when an EHC occurs, because of momentum
conservation along y direction, the electronic waves un-
dergo a negative refraction which is revealed in the clas-
sical trajectories as well. The negative refraction here
is a reminiscent of the famous Veselago lenses in optics
which are made at the interfaces between a conventional
dielectric medium and a metamaterial with negative re-
fraction index. Now the refractions caused by EHC and
successive normal reflections of the Bogoliubov quasipar-
ticles from the barriers, can result in a sequence of fo-
cuses inside the lead N2. It should be noticed that the
presence of barriers are not only crucial for the normal
reflections but also they provide the source of the large
momentum transfer in the EHC processes. In Fig. 1, for
the sake of clarity, only those trajectories which lead to a
focal point are shown. However there are other trajecto-
ries corresponding to the normal and Andreev reflections
back into N1 as well as the diverging waves of electrons
and holes inside N2 which are not shown here.
The semiclassical trajectories of electrons and holes can
be helpful in finding the positions of the focal points. It
must be mentioned that although the trajectories are de-
fined by both the source point and the angle of incidence,
however the positions of the focuses do not vary by the
angle of trajectories, warranted by the simple trigono-
metric relations. Depending on the number of EHCs dur-
ing a process (being even or odd), an electron or a hole
focus shows up which can be seen from Fig. 1(a) and
(b), respectively. When the number of normal reflections
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FIG. 3. (Color online) Local current densities of electrons
(Je) and holes (Jh) inside N2 along the x axis and versus the
distance from the second interface when (a) U1 = U2 = µ, (b)
U1 = µ, U2 = 0, and (c) U1 = 0 and U2 = µ. (d)-(f) indicate
the corresponding schematics in which the classical trajecto-
ries leading to the electron and hole focuses are shown. The
electron and hole propagations are indicated by solid blue
and dashed red lines, respectively. The width of the super-
conductor and injection point position are W/ξ = 0.22 and
x0/ξ = 0.35. The superconducting gap and excitation energy
are assumed as ∆0/µ = 0.01 and /∆0 = 0.8. This figure
clearly indicates that the sequence of focuses can be observed
when both interfaces have a limited transparency (U 6= 0).
However when the second or first interfaces are fully trans-
parent (U = 0) only first and second hole focuses survive,
respectively.
back into the superconductor increases, new focuses far
from the second interface can be established. Then, in
principle, we end up with two infinite sequences of sep-
arate electron and hole focuses. Using the trigonometric
relations the positions of the electron and hole focuses
are obtained as below,
x
(n)
e = (2n+ 1)W − x0
x
(n)
h = (2n− 1)W + x0
; n = 0, 1, 2, ... (12)
One should note that the first electron focus corresponds
to ne;1 = b(x0/2W ) + 0.5c while the hole focuses start
from nh;1 = 1 or 0 depending on the width W being
larger or smaller than x0, respectively.
B. Electron and hole local current densities
Very similar to the LDOS, the local current densities
of electrons and holes denoted by Je and Jh can indicate
the focusing signature of the superconducting layer be-
tween two normal electrodes. The intensities of electron
and hole currents with the corresponding focal points are
shown in Fig. 3. There are also small oscillations around
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FIG. 4. (Color online) Spatial variation of the local current
densities for (a) electrons and (b) holes versus the distance
from the second interface along the x axis for various values of
the superconducting layer width W . Although the EC signal
indicated by electron current Je shows an overall decline for
wither W , the CAR signal given by hole current Jh is strong
for W/ξ <∼ 1. The parameter used for this plot have the values
x0/ξ = 0.4, U1 = U2 = µ, λF /ξ = 0.04, and /∆0 = 0.8.
the focuses but not as clear as the Friedel type oscil-
lations revealed in the LDOS spatial variations. Here
a single geometry but for different configurations of the
barriers is considered, in order to see the effect of barriers
more clearly. Figures 3 (a)-(c) correspond to the cases
with two barriers, single barrier at the first interface, and
finally a single barrier at the second interface with corre-
sponding sketches for the electron and hole trajectories.
We see that in the presence of both barriers the first two
focuses of the holes are very strong. These two focal
points corresponds respectively, to the EHC at the first
and second interfaces. Other focuses for the holes as well
as those of electrons are much weaker since they origi-
nate from higher order processes when successive EHC
and normal reflections take place. When one of the bar-
riers are absent then the normal reflections cannot lead
to further focuses. Subsequently the EHC is sufficiently
strong only at one of the interfaces which leads to a single
hole focus without any electron focusing. This suggest a
way to control the intensity of different focuses by vary-
ing the strength of the two barriers, separately.
As mentioned earlier, the CAR is very effective for S
layers with certain range of the widths being on the order
of the coherence length (W ∼ ξ). Hence, we expect that
varying the width of S layer, can strongly influence the
focusing properties. This can be seen clearly in Fig. 4
where the spatial variations of the electron and hole local
currents for various values of W/ξ are shown. Starting
from a thin S layer with W/ξ = 0.2, EC processes is dom-
inant and therefore the overall push of the electron cur-
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FIG. 5. (Color online) Spatial variation of (a) local electron
current and (b) hole current along the x axis for various dis-
tances of the injection point from the first interface (x0). The
width of the superconductor is W/ξ = 0.5 and other param-
eters are the same as those in Fig. 4.
rent is larger as indicated in Fig. 4(a). By increasing the
width the EC signal weakens and due to the dominance
of CAR the electron and hole focuses are more intense for
the junctions with intermediate widths e.g. W/ξ = 0.5.
Then further increase in the width, weakens the CAR in
favor of local AR and subsequently the intensity of the
currents and excess densities around the focuses will be
suppressed. For very long junctions W  ξ only nor-
mal reflection and AR could take place and CAR as well
as the focusing signature diminish. As another interest-
ing point it must be mentioned that when the width of
the junction is smaller than the distance of the injection
point from the first interface (x0), two first hole focuses
are very intense. These focuses originate from the EHC
at the first and second interfaces, respectively and their
positions are x
(0)
h = x0 −W and x(1)h = x0 + W accord-
ing to Eq. (12). On the other hand, when the width is
larger than the distance x0, the EHC at the first interface
cannot give rise to a hole focus inside N2, as can be un-
derstood from Fig. 1(b). Therefore only one single hole
focus located at x
(1)
h becomes intense when W > |x0|.
Other hole focuses with nh ≥ 2 as well as those of elec-
trons which are related to the higher order processes have
much weaker intensities as explained before.
To see the effect of the injection point distance on the
EC and CAR signals, Fig. 5 shows the spatial variations
of Je and Jh for some different values of x0/ξ when the
width is W = 0.5ξ. The results show that both elec-
tron and hole currents with main contributions from EC
and CAR decreases if the injection point becomes far-
ther away from the S layer. Moreover as it has been
mentioned above, depending on the distance of the in-
jection point being smaller or larger than W , there will
6be a single or two intense hole focuses, respectively. On
the same ground, when the injection point is close to the
S layer (|x0| < W ), the first electron focus which origi-
nates from two successive EHC at the two interfaces is
very strong. However in the opposite limit of far injec-
tion points (x0 > W ), beside EHC processes, two or more
reflections of Bogoliubov excitations from the interfaces
back into S layer take place to establish the first electron
focusing. Therefore the intensity of resulting electron fo-
cuses will be much weaker as it is clear from Fig. 5(a).
Before closing this part, we should comment on the ef-
fect of the excitation energy  on the focusing properties
of the NISIN junctions. Throughout the paper the re-
sults are presented for the certain value of energy inside
the superconducting gap,  = 0.8∆0. However we have
checked the dependence of the results on  and it has been
found that the change in the excess densities δne,h and
currents Je,h due to the excitation energy varied from
0 to ∆0 is very small. This is a simple consequence of
the fact that the superconducting gap and therefore 
is very smaller than the Fermi energy µ and all of the
wave vectors ke,h =
√
(2m/~2)(µ± ) can be approxi-
mated with kF =
√
(2m/~2)µ. So the scattering and
focusing properties of the junction are determined only
by the geometrical parameters W and x0 as well as the
Fermi wave vector, almost irrespective of the excitation
energy. Above the superconducting gap ( > ∆0) the
EHC is suppressed and subsequently the focusing pat-
terns disappear when  ∆0.
C. The effect of barriers strength
In what follows, we examine the influence of barriers
strength in more details. As it has been revealed by our
results in the previous part, the presence of at least one
potential barrier at the interfaces is crucial for the emer-
gence of hole focusing. On the other hand the electron
focusing will be absent unless we have effective barriers
at both interfaces. In the absence of potential barriers,
the dominant scattering processes are AR and EC where
both of them satisfy the momentum conservation. The
presence of barriers at the interfaces favors the normal
reflection and CAR which involve a finite momentum
transfer and simultaneously suppresses the other scat-
tering processes i.e. local AR and EC.
Now as one can see from Fig. 6 when potential barriers
are very weak (U  µ) which leads to very transparent
interfaces, CAR and the intensity of focusing is negligibly
small. By increasing the potential strength the EHC and
resulting CAR becomes more effective at the intermedi-
ate values U ∼ µ. Nevertheless for very strong barriers
the competition between normal reflection and CAR is in
favor of the first process. Therefore the intensity of the
local hole current around the focuses declines by further
increase in the barriers strength and becomes fully sup-
pressed for U  µ. Unlike the hole current which reveals
a maximum value around U ∼ µ, the electron local cur-
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FIG. 6. (Color online) Dependence of the hole and electron
current densities at the first hole focus (x
(0)
h ) on the barriers
strength U . Although the electron current decreases mono-
tonically with U the hole current at the focus becomes max-
imum at a certain strength of the potential barrier U/µ ∼ 1.
All the parameters used here are the same as Fig. 3(a).
rent, originated from EC, monotonically decreases with
U in particular in the regime of strong barriers (U > µ).
D. On the experimental feasibility
As it has been already mentioned, we show that a
generic superconducting NISIN heterostructure, can fo-
cus both electrons and holes. Moreover, the focusing
property of the junction is irrespective of the band struc-
ture and dispersion relation of the normal leads and the
superconductor. In fact there is no need for special band
structure or other features like the Dirac spectrum con-
sidered in previous studies35. Then devices based on con-
ventional systems like 2DEG as well as graphene and
other 2D materials can be used as the normal leads con-
tacted to a superconducting region at the middle to see
the lensing phenomena for electrons and holes.
Although the specific band structure is not an impor-
tant requirement for the superconducting lens studied
here, it should be noticed that this electronic lens could
work properly under certain circumstances. Neverthe-
less, we will discuss that these requirements can be ful-
filled in currently available experimental setups and sub-
sequently our predictions can be checked experimentally.
First of all we assume that the Fermi velocities inside nor-
mal and superconducting region are almost equal to each
other. Fortunately this assumption can be essentially sat-
isfied in the common superconducting heterostructures
based on metals, semiconductors, and even structures
based on graphene and topological insulators39,40. An-
other important requirement is the presence of effective
potential barriers or equivalently insulating layers at the
interfaces. As it has been shown in the previous part,
the maximum feasibility of the focusing property oc-
curs for U ∼ µ. However, in a practically wide range
of barrier strengths, the focusing at least for the holes
can be observed. Very common an insulating layer is
established due to the oxidation or mismatches in the
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FIG. 7. (Color online) Spatial variations of (a) electron (b)
hole densities inside the second normal contact N2 when there
are two injection points separated by δy = 5λF in y direction.
All parameters are the same as those used for Fig. 2. The
corresponding focuses of each injection can be clearly seen
beside extra interferences of electron and hole waves induced
by two point source.
electronic characters of the normal and superconducting
layers. Therefore it seems that controlling the barrier
strength would be challenging. However by changing the
materials, different barrier strength can be achieved41,42
and even it is possible to have highly transparent inter-
faces like Al/Au12. Therefore choosing suitable materials
for the two normal and the superconducting leads, differ-
ent barrier strengths for the two interfaces and particu-
larly the extreme cases of NISN or NSIN structures with
single barrier can be achieved.
On top of the above mentioned requirements, there are
some other parameters including disorder or finite size
in y-direction which may affect the focusing character of
the junction. Although it has not been considered explic-
itly here, however similar to the graphene-based Veselago
lenses, a finite disorder strength, suppresses the focusing
signals and the focal points are washed out and broad-
ened by the impurity scatterings35. Hence it is crucial
to have clean and almost impurity-free samples to see
clear focusing patterns for holes and electrons. On the
other hand in NISIN junctions with finite width in verti-
cal direction, the back reflection of electronic waves from
the boundaries could lead to further interferences. But
as long as this vertical width is large enough compared
to W , x0, and ξ, the intensity of reflected waves will be
much smaller than the focused waves coming from CAR.
It is worth noting that the focuses positions remain un-
changed at the presence of a finite vertical width. In
fact as we can understand from the classical trajecto-
ries shown in Fig. 1, those with small enough angles
will not see the boundaries before being focused by the
S layer. All of these trajectories cross at the focal points
and give rise to an intense focusing. However the trajec-
tories with larger angles will be reflected by the horizontal
boundaries and depending on their angles they will pass
through different points. Therefore unless for very nar-
row junction in which most of the electronic waves are
reflected, the finite vertical width cannot strongly influ-
ence the focusing pattern.
Throughout the paper we have considered zero temper-
ature which simplifies the Green’s function calculations,
while at finite temperatures one needs to calculate finite
temperature Green’s function which technically speaking
needs to sum over Matsubara frequencies. But even with-
out calculations it is possible to discuss over the effect of
temperature on focusing, based on physical intuition. To
this end we note that according to our model and the
obtained results, the excitation energy can only slightly
affect the CAR and EC signals. Moreover due to the
electron-hole symmetry as a basic character of supercon-
ductors, for all values of the excitation energy inside the
superconducting gap (|| < ∆0), the positions of focuses
do not depend on . This can be simply understood from
the semiclassical arguments and the fact that wave vec-
tors dependence on  is negligible. Now the main effect
of temperature is to excite quasiparticles with energies
below the thermal energy ( <∼ kBT < ∆0). Thus as long
as the S layer is in its superconducting state, most of the
thermally excited quasiparticles will have subgap ener-
gies and all of them will be focused almost in the same
way. So we can say in brief that due to the electron-hole
symmetry as a basic character of superconductors, the
focusing properties of the junction cannot be influenced
by thermal excitations when T < Tc with Tc indicating
the critical temperature of the superconductor. As a re-
sult there will not be any observable broadening of the
focal points due to the finite temperature. This is in
fact an advantage of superconducting lens studied here
in comparison with Veselago-like lenses in materials with
chiral relativistic dispersion like graphene35–37. For in-
stance in the pn junctions based on graphene, even when
one considers a symmetric potential profile, only elec-
trons and holes at the Fermi level have the same magni-
tude momenta. Then in graphene-based Veselago lenses,
the electron-hole symmetry is broken for the excitations
above the Fermi level. Hence, depending on the excita-
tion energy, the focusing takes place in slightly different
points which leads to the broadening of the focuses at
finite temperatures36.
We finally comment on the possible experimental se-
tups for the injection of electrons and detection of lensing
effects. In order to inject electrons locally from a point
source one can either use a tip of scanning tunneling mi-
croscope or alternatively a small submicron size gate with
a size comparable with the Fermi wavelength or below
it. Even for larger electron sources, the focusing would
take place but in a broadened form of the focuses inside
N2. Although we have not considered this case explic-
itly, however in order to understand the effect of a broad
injection point, Fig. 7 shows the density variations at
8the presence of two point sources separated by δy = 5λF
in vertical direction. We see that irrespective of extra
interferences, we will have well separated focuses corre-
sponding to each of the injection points. Therefore we
can simply expect similar imaging signature for more in-
jection points and even a broad electron source. Similar
to the injection itself, the spatial variation of the electron
and hole local currents and densities inside N2 can be de-
tected via the scanning probe microscopes (SPMs) which
have been already used for imaging electron motions in
2DEG43,44.
IV. CONCLUSIONS
In summary, we study the focusing of electron and hole
excitations induced by CAR and multiple reflections from
the interfaces of an NISIN junction when incoming elec-
trons are locally injected inside the left metallic contact.
It is shown that the barrier potentials at the interfaces,
intensifies the focal points due to the CAR, while sup-
pressing the EC signal. In fact, the barrier potentials
provide the required abrupt changes in particle momen-
tum during a CAR. In addition, the intensities and the
configuration of electron and hole focuses can be con-
trolled by varying the location of electron injector, width
of the superconductor, and the potential barriers. These
findings suggest promising applications of the supercon-
ducting lenses for remote manipulation of the entangle-
ment in spatially separated electron or hole pairs.
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